Algebra Ch1-7
Symmetry and Transformations

In a nutshell:

Algebraic Tests of Symmetry Even and Odd Functions
x-axis: 1f replacing y with —y produces an equivalent equation, If the graph of a function f is symmetric with respect to the y-axis,
then the graph is symmetric with respect to the x-axis. we say that it is an even function. That is, for each x in the domain
y-axis: If replacing x with —x produces an equivalent equation, of f, flx) = fl—x).

then the graph is symmetric with respect to the y-axis.
Origin: If replacing x with —xand y with —y produces an
equivalent equation, then the graph is symmetric with respect to the

If the graph of a function f is symmetric with respect to the origin,
we say that it is an odd function. That is, for each x in the domain

origin. of f, fl—x) = —flx).

Identity function: Square root function: Cubing function:
y=x y= W y= =
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Vertical Translation

For b =0,

the graph of y = f{x) + b is the graph of y = f{x) shifted up

b units;

the graph of ¥y = flx) — bis the graph of y = f{x) shifted down

b units.

Horizontal Translation

For d = O:
the graph of y = flx — d) is the graph of y = f(x) shifted right
d units;
the graph of ¥y = f{x + d) is the graph of y = f{ x) shifted left
d units.




Reflections

The graph of y = — f(x) is the reflection of the graph of y = f{x)

across the x-axs.

The graph of y = fl —x) is the reflection of the graph of y = f{x)

across the y-axis.

If a point (x, ¥) is on the graph of y = f{x), then (x, —) is on the

graph of y = —f(x), and (—=x, y) is on the graph of y = f{—x).

Vertical Stretching and Shrinking
The graph of ¥y = aflx) can be obtained from the graph of
y = flx) by
stretching vertically for |a| = 1, 0r
shrinking vertically for 0 < |a| < 1.
For a < 0, the graph is also reflected across the x-axis.
(The y-coordinates of the graph of y = afix) can be obtained
by multiplying the y-coordinates of ¥ = f{x) by a.)

y= (22 = (2)

y= (322~ (49

y=2(—x= (—x%+ 5

Y4

Horizontal Stretching and Shrinking
The graph of y = f{ cx) can be obtained from the graph of
y = flx) by
shrinking horizontally for |¢| = 1, or
stretching horizontally for 0 < |¢| < 1.
For ¢ < 0, the graph is also reflected across the p-axis.

(The x-coordinates of the graph of ¥ = f{ cx) can be obtained
by dividing the x-coordinates of the graph of y = f{x) by c.)

| =32~ (49




Determine visually whether the graph is symmetric
with respect to the x-axis, the y-axss, and the origin.
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First, graph the equation and determine visually
whether it is symmetric with respect to the x-axis, the
y-axis, and the origin. Then verify your assertion
algebraically.

Joy=l|a — 2 B.y=|x+5|
9.5y=dx+ 5 10.2x — 5= 3y
11,5y =2x* — 3 12.x* + 4 = 3y
li'n.;l-r=i 14. y= —i

x x

Test algebraically whether the graph is symmetric with
respect to the x-axis, the y-axis, and the origin. Then
check your work graphically, if possible, using a
graphing calculator,

19. y = [2x] 20. y° =2x°

2L 2x '+ 3 =7 22. 297 =55 + 12

233" =4’ +2 24. 3x = | y|

25 xp =12 26.xy — x> =3

Find the point that is symmetric to the given point with
respect to the x-axis; the y-axis; the origin.

27. (—5,6) 28. (1,0)
29. (—10,—7) 30. (1,3)
31, (0, —4) 32.(8,—3)

=

Determine visually whether the function is even, odd, or
neither even nor odd.
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33 % 34, Y
35,
37

15.5x — 5y =10 16.6x+ 7y =10

W
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17.35° — 22 =3 18.5y =7x" — 2x




Test algebraically whether the function is even, odd, or
neither even nor odd. Then check your work graphically,
where possible, using a graphing calculator.

77. glx) = |—;x| — 4

78. fix) =§.1:3 — 4

39. flx) = —3x° + 2x

43, f(x) = x"7
45. flx) = x — |x|

47. f(x) =8

41. flx) =52 + 22" — 1

40. f(x) =7x" + 4x — 2

1
42, flx)=x+—
x

4. f(x) = Vx
ﬁ.ﬂx}=%
48. flx) = vxl + 1

79. flx) = —;(x — 5)° 80. f(x) =(—x)* —5
31.}‘[x}=x_|1_—3+2 8. glx)="—-x+5

83 hix) =—(x— 3P +5 84 flx)=3(x+4)*—3

The point (—12,4) is on the graph of y = fix). Find
the corresponding point on the graph of y = g(x).

Describe how the graph of the function can be obtained

from one of the basic graphs on page 153. Then graph
the function by hand or with a graphing calculator.

85. glx) = 3f(x) 86. g(x) = f(x — 2)
87. g(x) = fl—x) 88. g(x) = fl4x)
89. g(x) = fla) —2 9. g(x) = f(3x)
91. gix) = 4f(x) 92. ¢l x) = —f(x)

49. f(x) = (x — 3)
5l.gix) =x—3
53. hix) = —Vx

1
55. h{x) =— +4
x

57.hx)=—3x+3
59. hix) =1|x| — 2
6l g(x) = —(x— 2

65. g(x) =1x*+2

67. flx) =vx+ 2
69. flx) = Vx—2

6. g(x) =(x+1)°—1

50. g(x) = x* +%

52.pix) =—x—12

54.¢(x) =vx—1
1

56. gix) = —32

58. f(x) = 2x + 1

60. ¢(x) = —|x| + 2
62. flx) = (x + 1)
64. hix) = —x* — 4
66. h(x) = (—x)?

68. flx) = —3Wx— 1
7F0. hix) = vx+1

Write an equation for a funiction that has a graph with
the given characteristics. Check your answer using a
graphing calculator.

Diescribe how the graph of the function can be obtained

from one of the basic graphs on page 153.

71. gl %) = |3x]
73, hx) ==
X
75. flx) = 3Vx — 5

72. flx) = 3Vx
T4 flx)=|x— 3| — 4

1
76. =5—-—
fl) =5

93, The shape of y = x°, but upside down and shifted
right & units

94, The shape of y = V'x, but shifted left 6 units and

down 5 units

95. The shape of y = |x|, but shifted left 7 units and up
2 units

96. The shape of ¥ = x°, but upside down and shifted
right 5 units

97. The shape of y = 1/x, but shrunk horizontally by a
factor of 2 and shifted down 3 units

98. The shape of y = %, but shifted right 6 units and
up 2 units

99, The shape of y = x*, but upside down and shifted
right 3 units and up 4 units

100. The shape of y = |x|, but stretched horizontally by
a factor of 2 and shifted down 5 units

101. The shape of y = V'x, but reflected across the
y-axis and shifted left 2 units and down 1 unit

102. The shape of y = 1/x, but reflected across the
x-axis and shifted up 1 unit




A graph of y = f(x) follows. No formula for fis given.
In Exercises 103-110, make a hand-drawn graph of the
function.
" y = flx)
*-tzsnE;T__
3 -
2 =
(—4,0] 1F (5,0)
—6-5 [T 23458 6%
-1-27 [
_5 =
103. g(x) = —2f(x)
104, g(x) = zﬂx}
105. g(x) = f(~x)
106. g(x) = f(2x)
107. glx) = —-_f{x— 1)+ 3
108. glx) = —3f(x+ 1) — 4
109. g(x) = f(—x)
110. g(x) = —fix)

A graph of y = g(x) follows. No formula for g is given.
In Exercises 111114, make a hand-drawn graph of the

function.

y = glx 6l (7,6)

The graph of the function f is shown i figure (a). In
Exercises 115-122, match the function ¢ with one of the
graphs (a)—(h), which follow: Some graphs may be used
miore than once and some may not be used.

—8—7—6-5-4-3-2-1 |’ 67 8 x

-2 (5, —2)
—s|
__‘__

111. hix) = —g{x+2} +1

112, hix) = { x)

113, hix) = g{ 2x)

114, hix) = 2g(x — 1) — 3
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115. g{x) = fl—x) + 3 116. gix) = fix) + 3
117. g(x) = —f(x) + 3 118. g(x) = —f(—x) 1
119. g(x) = 3 flx — 2) 120. g(x) = ; flx) — 3
121. g{x) = 3 flx + 2) 122, g(x) = —f(x + 2)




For each pair of functions, determine algebraically if
£(x) = fl—x). Then, using the TABLE feature on a
graphing calculator, check your answers,

123, flx) = 22* — 352 + 3x — 5,
glx) =2x* +355° —3x— 5

124. fix) = 1x* + 10 — 81x* — 17,
glx) =1x* +3x7 + 81x? — 17

A graph of the function f(x) = x> — 3x% is shown
below. Exercises 125—-128 show graphs of functions
transformed from this one. Find a formula for each
function.

Collaborative Discussion and Writing

129, Consider the constant function f(x) = 0.
Determine whether the graph of this function is
symmetric with respect to the x-axis, the y-axds,
and the origin. Determine whether this
function is even or odd.

130. Describe conditions under which you would know
whether a polynomial function f(x) = a.x" +
da1x™ L+ oo 4 aax? 4+ aypx + ag is even or odd
without using an algebraic procedure. Explain,

131. Explain in your own words why the graph of
¥ = fl—x) is a reflection of the graph of y = f{x)
across the paxis,

132. Without drawing the graph, describe what the
graph of flx) = [x* — 9] looks like.

Skill Maintenance

133. Given f(x) = 5x* — 7, find each of the following.
a) f(—3)
b) f(3)
c) fla)
d) f(—a)
134. Given f(x) = 4x° — 5x, find each of the following.
a) f(2)
b) f(—2)
¢ fla)
d) f(—a)

135. Write an equation of the line perpendicular to the
graph of the line 8x — y = 10 and containing the
point (—1,1).

136. Find the slope and the pintercept of the line with
equation 2x — 9y + 1 =0

Synthesis

Use the graph of the function { shown below in
Exercises 137 and 138,

137. Graph: y = |fix)|.
138. Graph: y = f(|x]).



L'se the graph of the function g shown below in
Exercises 139 and 140.

139. Graph: y = |g(x)|.
140. Graph: y = gl|x|).

Graph each of the following using a graphing calculator.
Before doing so, describe how the graph can be obtained
from a more basic graph. Give the domain and the
range of the function.

141 f(x) =[x — }] 142. f(x) = [Vx — 1]
Determine whether the function is even, odd, or neither
even nor odd.

143, flx) = a0/ 10 — 2 2+ |

144.ﬂx}=x3_1

Determine whether the graph is symmetric with respect
tor the x-axis, the y-axis, and the origin.

5. e=yu-» e

Il

147. J,2+41T2_},4=
it — a3+ 2xh?

¥

¥

148. The graph of f(x) = |x| passes through the points
(—3,3),(0,0), and (3,3). Transform this function
to one whose graph passes through the points
(5,1), (8,4), and (11,1).

149, If (—1,5)is a point on the graph of y = f(x), find b
such that (2, b) is on the graph of y = f{x — 3).

150. Find the zeros of f(x) = 3x° — 20x°. Then without
using a graphing calculator, state the zeros of
flx— 3)and fix + 8).

151 If (3, 4) is a point on the graph of y = f(x), what
point do you know is on the graph of y = 2f{x)? of
y=2+ fix)? of y = f{2x)?

State whether each of the following is true or false,

152. The product of two odd functions is odd.

153, The sum of two even functions is even.

154. The product of an even function and an odd
function is odd.

155. Show that if f is any function, then the function E
defined by

Hx) = fix) +2ﬂ—x}

15 EVETL

156. Show that if fis any function, then the function O
defined by

o(x) = {1 —f=x) _zﬂ_"::'
is odd.

157. Consider the functions Eand O of Exercises 155

and 156,

a) Show that f(x) = E(x) + O(x). This means that
every function can be expressed as the sum of an
even and an odd function.

b) Let f{x) = 4x> — 11x* + V/x — 10. Express f
as a sum of an even function and an odd

function.



Exercise Set 1.7

1. x-axis, no; y-axis, yes; origin, no

3. x-axis, yes; y-axis, no; origin, no

5. x-axis, nog y-axis, no; origin, yes

7. x-axis, no; jeaxis, yes; origin, no

9. x-axis, noj y-axis, no; origin, no

11. x-axis, no; y-axis, yes; origin, no

13, x-axis, no; p-axis, no; origin, yes

15. x-axis, no; y-axis, mo; origin, yes

17. x-axis, yes; y-axis, yes; origin, yes

19. x-axis, no; y-axis, yes; origin, no

21. x-axis, yes; y-axis, yes; origin, yes

23, x-axis, no; y-axis, no; origin, no

25, x-axis, no; y-axis, no; ongm

27. x-axis: (—5, —6); paxis: (5,6); origin: (5, —6)
29, x-axis: (— 10, 7); y-axis: (10, —7); origin: (10,7)
31. x-axis: (0, 4); p-axis: (0, —4); origin: (0, 4)

33. Even 35, Odd 37, MNeither 39 Odd

41. Even

3 Odd 45 Meither 47, Ewen
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59. Startwith the graph of hx) = |a. Shrink it vertically by
multiplying each pcoordinate by . Then shift it dmen 2 units.
¥
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61 Startwith the graph of plx} = x*. Shiftitright 2 unis

Then reflect itacross the x-axis.
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