Algebra, Chapter 1.6
The Algebra of Functions

In a nutshell:

Sums, Differences, Products, and Quotients of Functions
If fand gare functions and x is in the domain of each function, then

(f+ @ (x) = flx) + g(x),

(f— & (x) = flx) — g(x),

(f2) (x) = flx) - g(x),

(f/2) (x) = fix)/g(x), provided g(x) # 0.

Difference Quotients

¥ In Section 1.3, we learned that the slope of a line can be considered as an av-
erage rate of change. Here let’s consider a nonlinear function fand draw aline
through two points (x, flx)) and (x + h, flx + h)) as shown at left.

The slope of the line, called a secant line, is

[x 4+ h, flx + h))

fix+ k-

L) pocnt flx+ k) — flx)
' , , N x+h—x '
x x+h X
-— h— which simplifies to
+ k) —
w . Difference quotient
This ratio is called the difference quotient, or the average rate of
change. In calculus, it is important to be able to find and simplify differ-
ence quotients.
Composition of Functions
The composite function = g, the composition of fand g, is
defined as

(fe 8 (x) = fle(x)),
where x is in the domain of g and g(x) is in the domain of {



Given that flx) = x* — 3 and g(x) = 2x + 1, find

30. fix) = 2%, g(x) = L

x— 5

31. fix) = i glx)=x—3

32 fix) ==z + 6, gix) =i

each of the following, ff it exists.
L(f+g(5) 2. (fg)(0)
3.(f—g(-1) 4. (fg)(2)
5. (f/g) (—3) 6.(f— 2 (0)
7.(f0) (-3) 8. (fl9(—V3)
9.(g— )(-1) 10. (g/f)(—3)
Given that hix) = x + 4 and g(x) = \Vx — 1, find
each of the following, if it exists,
11 (h — g)(—4) 12. (gh) (10)
13. (g/h)(1) 14. (hfg)(1)
15. (g + h)(1) 16. (hg)(3)

For each pair of functions in Exercises 17-32:

a) Find the domainoff, ¢ f+ ¢, f— e fo. ff. e,
and g/f.

b) Find (f + g)(x), (f — g)(x), (&) (x), () (x),
(f/) (x), and (g/f ) (x).

17. fix) = 2x+ 3, glx)=3 — 5x
18. fix) = —x+ 1, glx)=4x — 2
19. fix) =x— 3, glx) =vVx+ 4
20. fix) =x+2, glx) =Vx— 1
21 fix) = 2x — 1, g(x) = —2x7
22.fix)=x*— 1, glx) =2x+ 5
23 fix)=Vx—3 glx=Vx+3
24. fix) = Vx, glx) =V2 —x

25 flx) =x+ 1, glx) = |x|

26. flx) = 4|x|, glx)=1—x

27. fix) = =, glx) = 2x* + 5x — 3
28. fix) = x> — 4, glx) = x°

4 1
2.0 = 8@ =5

In Exercises 33—38, consider the functions Fand G as
shown in the following graph.

¥

|I—~r:.|ll.;|-l. 'n:\

R _2

33, Find the domain of F, the domain of G, and the
domain of F+ G.

34. Find the domain of F — G, FG, and F/G.
35. Find the domain of G/F.

36. Graph F + G.

37.Graph G — F.

38.Graph F - G.

39. Total Cost, Revenue, and Profit.  In econamics,
functions that involve revenue, cost, and profit are
used. For example, suppose that Rix) and C(x)
denote the total revenue and the total cost,
respectively, of produdng a new kind of tool for
King Hardware Wholesalers. Then the difference

P(x) = Rix) — Clx)
represents the total profit for produdng x tools.
Given

Rix) = 60x — 04x> and Cl(x) = 3x + 13,




find each of the following,

a) P(x)

b) R{100), C100), and P{10G)

¢) Using a graphing calculator, graph the three
functions in the viewing window
[0, 160, 0, 3000].

40, Total Cost, Revenue, and Profit.  Given that
Rix) =200k — »* and Clx) = 5000 + Bx,

for a new radio produced by Clear Communica-
tion, find each of the following, (See Exerdse 349.)
a) P(x)
b) R{175), Ci(175), and P(175)
¢} Using a graphing calculator, graph the three
functions in the viewing window
[0, 200, 0, 10,000].

For each function f, consiruct and simplify the
difference quotient

flx+ H) = flx)

—
A0 =x"+1 2. flx)=2-x
$.fl)=3x-5 M. fix)=—ix+7

5.0 =3" -2+ 1 46 filx) = 5 + 4x
47. flx) = 4 + 5|x] 48. flx) = x| + 3x
xﬂ.ﬁ(r}=13 50. flx) =

51 fl) = 2= 52. flx) =

.1'+_'1| Z—x

Given that f(x) = 3x + 1, g(x) = x* — 2x — 6, and
hix) = i, find each of the following.

B.(fo0 (-1 54.(s2N(-2)

| 55. (h= )(1) %. (g h) 3)
57.(g° f)(5) s8.0f 0 (5)
. (fe ) (=3) 0. (h e g)(3)

Find (= g x) and (g= ) x) and the domain of each.

6l.fld=x+3 glx)=x—3

62. flx) =§x. glo=73
6. flx) = s{r}=%
64. flx) =?1 glx) = :

x+ 7
3

66. fix) =3x—3, glx) = L5x + 1.2
67. filx) = 2x + 1, glx) = =v'x

68, fix) =Wx—4, glx) =—

69, fix) = 20, glx) = 005

70. flx) = x4, glx)= 1*'_

7L filx) =vx+ 5, glx) =

72. flx) = 5 - 2, gl = {f—z
7. fix) =+ 21 glx) =3 —x
4. flx) =1- glx) =5 — 15

75. fix) = glx) =

65, filx) = 3x— 7, glx) =

mﬁx}=?'—1 g0 = 'j

T ) =x" =5+ 3x+ 7 gl =x+1
Mfix)=x—1 glx)=x'+ 2 — 3x— 9
Find fix) and g(x) such that h(x) = (fe g (x).
Answers muay vary

79, h(x) = (4 + 3x)*

80, hix) = VX — &
ﬂl.i‘r(_t}:ﬁ
R =
o057
B4, h(x) = far? — 4]
0 - (25
86. hlx) = (Vx - 3)*
.- 53

BE. hix) =1+ 41 +x
B hx) = (x+ 2P —5x+ 22+ Hx+2) -1
90, h(x) = 2(x — 1)%* + 5(x — 1)¥2




91. Diress Sizes. A dress that is size x in France is gze 94, Explain which values of x must be exduded from
5[ x) in the United States, where six) = x — 32 A the domain of (¢ g)(x) and the domain of
dress that is size x in the United States is size p(x) in (ge=Fiix).

Ttaly, where y(x) = 2(x + 12). Find a function that
will convert French dress sizes to [talian dress sizes, Skill Maint .

Consider the following linear equations. Without

graphing them, answer the questions below.

a ¥y=x

b} y= =5z + 4

& y=3x+1

d) y= =0lx+ 6

€ y=3Jx=—35

f) y=—x-1

gl 2x=3y=§

h) fx + 3y =19

95, Which, if any, have y-intercept (0, 1)7
96, Which, if any, have the same y-intercept?
97. Which slope down from left to right?

98. Which has the steepest slope

99. Which pass(es) through the origin?
92, Ripple Spread. A stone is thrown into a pond, R
creating a droular ripple that spreads over the pond 100 Witich thinny, T e et flopet
in such a way that the radius is increasing at the 101. Which, if any, are paralle?
rate of 3 ft/sec 102. Which, if any, are perpendicilar?

Synthesis

103, Write equations of two functions fand gsuch that
feg=gef= x (InSection 4.1, we will study
inverse functions. If f= g = g = f = x, functions f
and gare imerses of each other)

104, Write equations for two functions fand g such that
the domain of f— gis

a) Find a function rit) for the radius in terms of & {x|x # —7 and x # 3}.

b) Find a function A(r) for the area of the ripple in ;i , :
terivg of the radias 1. PP 105, Find the domain of { h/g) (x) given that
5x A-1

) Find (A = r){t). Explain the meaning of this
function. ek = 3x=7 and gl = 5x— 15

106, For functions hand f, find the domain of k + f,
Collaborative Discussion and Writing h — f, hf, and h/f if

93.1f g(x) = b, where bi itive constant, descel h={(-413),(-1,7,(0,5,(3,0.(3,-5)}, and
.h,:vthtETAPhs of y= HP;ilﬂandy= (h—gil= f={(—4,-7),(—2,-5),(0,—3),(3,0),(5,2), (5,6)}.

will differ.




Exercise Set 1.6

.33 3 —1 5 Dossnotexst 7.0 % 1
11. Doesnot exist 13, 0 15. §

17. fa) Domain of £ g f+ g f— g fpand ff:(—o, )
domain of fg: (==, 3} U (3.
domain of gif:(—o=,—3) U (-1,=);

(B (f+ ghlx) = —3x+ &{f— gh(x) = Tx;
(felix)= -1l —9x + % (Fhix) =4 + 122+ &

WD) =T N =3

19. (a) Domain of f: {—2=, ) domain of g: [ —4, %)
domain of f+ g, f— g.and fg:[—4, %)

domain of ff:{—92, 5); domain of fg: (—4, %)

domain of g/f: [ —4.3) U (3,=);
b(f+glsl=x—-3+Vx+ %
f—gix=x2—3 —vWx+ & (F)ix) = (x— 3z + 4
()0 =5 — 6+ % (D (3) = T
(o =L22

21. (a) Dﬂmm of f g f+ g f — g fgsand ff:{—=,2);
domain of fg: {—=,0) U (0,2}

domain of g/ff: (—=,3) U (3.2)

B (f+gilx)=—2o" +2x— I;

(f— pix) =22 + 2x — L {fp(x) = —4x” + 225

(ff)ix) =42 — dx + Lifp(x) = *— 1

(W) =

23, (a) Domm uf_r' [3, =) domain of g: [—3,%);

domain of f+ g, f— g, fg. and ff: [3,%2);

domain of §g: [3, %); domain of g/f: (3, 9);

bi(f+gix)=Vx—-3+Va+3

(f—gx=Vx-3-Vx+ R (fx)=Vx2-9%
Wy —3 Ve +3

(1) = be = 3 1) () = T (W) =i

25, (a) Domain of f, g, f+ g, F— g fg, amd ff: (—o0,00)

domain of fg: {—,0) U (0,2,

domain of g/ff: {—=, —1) U {—1,%);

(B (f+gllx)=x+1+ pk{f—plx)=x+1—|xf

ez =(x + 1)k (Fiix) =2 + 2 + 1;

x+1
() =gl (3 = =

7. [ajDommuff.,g _f+,gf g.fg.andff{—m.m}:
domain of fig: (—=,—3) U (—3,3) U =)

domain of g/f: {—'I' H}LI'{[F ),

[hj{f+g}{.t}=.t + 23+ By — X

(f- g}{x}—x — 2 —5x+ 3

{fehix) = 2x7 +5-I — 3 ()= =

(fgix =

Sx — 3

+
m gl ]'_x—

29, (a) Domain of f: {—=, —1) U {—1,2)

domain of g: (—o0,8) U {6,); domain of f+ g, f — 7 and
fg(—m, —1) U ({—1,6) U (6, =)

dommain of ff:{—%=, —1) U (—1,=)

domain ﬂfﬁxmdxff (—=, =1 U {—1,8) LI (& =);

1
(b (f + .FH-‘-'}—? ﬁ—xi

{f_ﬂ}{-‘l}= e y—
) =1 +1}=.{m{x}—‘{f+1 .

x+1
(£ = 25

31. (a) Domain of f: {—=0,0) 1 (0,2

domain of g: (—%°,%); domain of f + g f— g fiF, and ff
(===, @) U (0, o) domsain of fg: (—=2,0) L0, 3) L (3,);
domain of g/f: {—'I' O L (0, =)

(b) (f + g} (x) = —+x—3 (f— gix) =——x+_’l

{f.ﬁ.']'{x]'=1- =) = —:-{ffx}{}—

*lx— a}‘
(6/)(3) = x - 3
33, Domain of F: [0, 9] domain of G:[3, 10]; domain of
F+ G[3,9] 35 [3.6) U (68) U (8,9]
3oy

39, (a) P(x) = —0.4x? + 57x — 13; (b) R(100) = 2000;
C(104) = 31% P(100) = 1687; (c) Left to the student
4. 2x+ h 43,3 45, 6x + 3h -2
g, St W= 5l
i
7
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59. —80 8L (f=g)lx)=(g=filz) =
domain of fo R“D"I Ji (—, %)
63. (fe gix) = —7slg=fHix) =
domain of fo g {—'CD i_'r} L@, 5) LI (5, "”'}.

donain of g= = fi | —e2, }'—"'[L }

65 (fogiz) =1(g= ﬂ{-ﬂ

domain of fo gand gﬂ_f.'{—'ﬂ:'.'ﬂ:'}

67, (fe Plx) =2Vx + Li{g= fl(x)= VIx + &
domain of fo g [09°); dmnfﬂ“f—'[—;%-“’}

9. (fo g{x) = 20; (g= F)(x) = 0.05; domain of f= ¢ and
R’ﬂf_l{—l:l:lll:l:l}

#, 3xT+ ixh+ b

_'uc




